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KE®PAAAIO 1
Atavuopatixn AvaluoT

H ypfhon tne Stavuouotieic avéhuong umopel vo anhomotfioeL onuavTixd 1o
oUUBOMGUG 0T KEAETH TOU MAEXTELOKOD X0t Tou payvntiopol. AAAG TEpa
ané awth TV anhornoinon, 1 8LavuouaTLxﬁ AVEAUCT] PEQVEL OTO YW XKoL TO
Quoxd Vorue Twv eElohoewy. To xe@dhao autd €YEL OXOTS VoL TOROUCLECEL
uLa oOVToUT, e xon Thfien ovdmTuén v Baotey ototyelny e Slvuoua-
g AVEAUONC X0l VoL TPOCPEREL L0l TPOXTLXT YVOGY Tou DEpaTog, Tou elval
amopadTIT YLl TN EETH Tou MhexTpElorol o Tou poryvTiouol. Ta toug
avaryvéoTeg Tou elvon 81 efotxetwuévol te T Slavuouatixd avdiuoT, To xe-
@éhano autd Yo omoteréoel pua Yprowun emavdindm xedoe xou ot ELsay WYY

oto cuyPohoud ntou axoroudeiton oto PifSio.

1.1 OPIXMOI

Yt wehétn tne Paouic Puonfic cuvavtoldue peyédn dlopdpny eldvy. Luy-
nexpruéva, Staxplvouue Ta Barduwtd peyédn xon o Siavuopotind peyedn. T

Tig Suxée poc avdyxeg, apxel vo oplooupe To Boduwtd wéyedoc wg e&ng:

Baduwté ovopdleton to péyedog nou yapaxtnelletor thfjpwe and

T0 PETPO TOU.

Mapodelyporta Poduwtoy peyedody eivan: 1 udla, o xpdvog, o dyxog x.AT.
Mua amhf) eméxtoon tne évvolag Tou Baduwtol ueyédoug ebvon to fadiuwtd
nedio —uLar cuvdETNon TNe Yéome Tov elvan Thpwg xadoplopévn amd To KETPO
NC o€ GAN TaL OTUElL TOU Y OEOVL.

To ddvuopa uropel vor optotel wg e€hg:

Audvuoua ovoudZeton to uéyedoc mou yapaxtnelleton TAfpws amo

T0 Uétpo Tou xot TNV xotebduvoT| Tou.
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Q¢ mapadelyyara Sovuoudrey avagépouue Tn Yéon evéc onuelou we mpog
pos xadoptopevn apyd, Ty TodTNTa, ™Y emttdyuvon, T Sdvaun xAin. To
Savvopartind redio, Tou amotekel uia yevixeuor g £vvolag Tou Slaviouatog,
optlet e ouvdptnon tng Héong mou xodopileton TAMpwe omé To PéTpo TNg
xou Ty xoreldduvod g oe xdde onpelo Tov ydpou.

Autol oL optopol unopoldy var exhentuvBoly xon vor erextodoly. Mpdryiuo-
T, oto Hapdptnua B, ue m yerorn petaoynuorioudy, avixediotovton and
TepLocoHTEPO TEpimAoXOUC optouols. Emmhéov, unopolue va oploouue mo no-
Mimhoxo peyédn, onwe yio mopddetyua toug Tavuotée. Qotéoo, to PodumTd
nou T Slavuopatixnd ueyédy elvar, xatd peydho nocootd, To ubve Tou Vo

xpetootolue we to Kegdhato 22.

1.2 ATANYYXMATIKH AATEBPA

Epbdoov 1 dhyeBpa twv Barduntdy elvon yvwoth otov avoyvooty, da yenotuo-
oundel yio Ty avdmtudn tng Savuouatcic dhyeBpac. Ta va tpoyweioouue
o’ auth TV avdmTudy, slvan ¥erioulo Vo oploouue Lol avamapdoTacT Twv dla-
vooudtwy pag. 'V autd 1o oxond ewdyovue 10 xopteciavd tpoddototo
clotnua ouvteTaylévey. Bu to cuuBoiilovue ue Tic Tpelc uetalintéc , ¥,
z, N, 61oL BLeUXOADVEL TEPLOTGTERO, UE TIC T1, T2, £3. (2 TPOC ALTS To GUGTIF
Mo ouvTETAYREVLY, Evar Bidvuoua xardoplleTtol and TIg X-, Y- KoL Z-CUVGTOCES
Tou. Enouévig, éva BLdvuopocl V xodoplleton amd tic cuviotdoeg Tou V, Vy,
V., 6mou V = {V]cosay, Vy = |V|cos az, V, = |V]|cos as, xau oL yoviee a el-
vou o tég Tou oy nuatilel to Sidvuoua V ue tov avtlototyo dfova cuvteToryué-
vov. To Boduwtd [V] = /VZ+ V2 4+ V2 eivor to pérpo tou Sraviouatoc V
1 T0 urKkog Tou. Lny nepintror Stavucuatixdy tedlowy, xdde cuviothoo efvor
Mtat oUVEPTNOT) TV T, ¥ %o 2. Eto anpelo autd Yo mpémel v towiotel 4T 1)
ELOAYWYT TOU XAPTECLAVO) CLUCTAUNTOS CUVTETAYEVKY EYIVE Yid amiomolnom
ot xohoTeEn oovonor. ‘Olol oL oplapol xou oL egapuoyée elvan aveldptreg
amd TNV ETAGYY) TOU CUCTAUATOS CUVTETHYMEVQV.

To dlpoioua Bbo Sranvuoudtwy opileton we 10 ddvuoua Tou omolou oL
OLVIETOOES lvar To ipololus TV AVTTTOLYWY GUVISTOOOY TOV apPYLXGbY dia-
vuoudtwy. Erougvag, av C elvon to dlpotoua twv A xaw B, ypdgouue:

C=A+B (1.1)

HOlL
Co=Ay+By, Cy=A,+B, C,=A,+B, (1.2)

Autde 0 oplopde Tou adpolauatog Slavuoudtwy elvor l0oBUVIUOE UE TOV V-
OTO %UVOVOL TOU TROAANAOYREUUOU Yia Tny Tpdoteon dlavuoudtoy.
H ageipeon Swavuoudtov optletan ue ) Bofdeia tou avtidetou Siavioua-

T0g, ToU omolov ou cuviotwoes elvan oL avtideteg Tou avtioTolyou apEyixoy

L0 Blavuspatinée tosdtntes Bo cuyBoriloviat e dvtova Y EGLUOTS.
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Stovouorog. ‘Etol, av to A eivar éva Sidvuope, To —A oplletal amd Tig
oyéoelc:
(—A), = —A,, (A)y=-4,y, (-A)=-4; (1.3)

H rpd€n tne agaipeons opileton téte péow tne ddpotone Tou avtidetou Slo-

VOOUOTOG XOU YPSPETOL:
A-B=A+(-B) (1.4)

Epboov 1 Tebodect mpoyatiney apuduay elvon TPOCETULPLOTIXT| XOUL e~
tordetinh, émetan 6Tl N mpdodeon (xou 1 apaipeon) Savuoudev elvo xan aut
TpoGETUELOTIXY Xou pETodETe. e Swovuouatid Lopeh autd eugavileton
¢!

A+ (B+C) =(A+B)+C

(1.5)
~(A+C)+B=A+B+C

Me dhha Movie, ot mopeviése dev elvon avaryxaleg, onwg padveTon xou omd
v teAeutalo oyEoT).

TTpoywedhvTag Thpa oY TEdEN Tou TOANATAAOLAGWL0D, TOEUTNPOUUE OTL
10 amholoTEED YvouEvo elvon TG wopgrc: Boduwtd ent Sdvuoua. Avth 7
Siodinacto Stvel évar Sidvuoua, tou onolou oL CUNOTOOES Elvon To YWOUEVO
wou Baduwtol enl Ty avilotolyn GUVCTHON TOU apyrol dovbouortog. Av
20 ¢ etvan Borduetéd uéyedoc xon 0 A didvuoua, 10 B = cA oplletan we:

B, =cA,, By=cA,, B,=cA, (1.6)

Efvan gavepd 61 av 0 A elvon éva fravvouatikd mebdio xat o ¢ elvan éva Bad-
nwté medio, To B elven éva véo Sravuopamind medlo, dyi LTOYPEWTIXG oTardEpd
RoMmAdo ToU A

Sty neplnteon tolhanhactacpuol 300 Siavuoudtmy Staxplvouue 300 me-
ointhoe, Yvwotés g dovuouatind xen Badumté ywopevo. To Boduwtd
ywbéugvo —bmou To bvoud tou utodelviel xau 1o efdog Tou YWOUEVOU— OVO-
udleton enlong xou eowteptrd ywduevo. O ogiopds Tou Borduwtod yivougvou,

t0 omolo yYpdyeTon we A - B, elvow:
A -B=A,B, +ABy+ A.B; (1.7)

Autée 0 oploube slvor 1oodlvouog e Tov {owg T YVReTS 0pLold, dnhad:
70 BorduwTtd YWOUEVO 100UTAL UE TO YWOUEYO TwY UETROY TV 3o apyndv
Stovuopdtey el o ouvnuitovo g Yoviag mou oynuatilouy Ta StoviouaTe.

Av 1 A xou B etvon xdeta peto€d toug, totE:
A-B=0

To Boduwté ywopevo eivan petodetxd. To uirog tou Slavbouatoc A ypd-
PETAUL WG

|A| =VA A
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To Savuoueamind yivbpevo 3bo Siavuoudrey elvon Sidvuoua, dnne SnAdver
xow M ovoposta tou. Evelhoxtind, yenoutonololue xat tov 6po efwtepiid
ywipevo. To Slavuopatixnd ywouevo yedgetor wg A x B. Av 7o Sidvuoua C

elvoe To SavuopaTind ywopevo v A xo B, t6te C = A x B, 6nou:

Cp = AyB, — A,B,, C,=A.By— A.B,

(1.8)
C. = A.B, — A,B,

Elver onuavtind va xatavoficovue 61t 1o Slavuouomind ywduevo eaptdron
an6 TN CELRS TV TUPUYOVTEY ToU Yvouévou. H evadhoyt Trg oelpds slodyet
éva uetov:

BxA=-AxB

Erouévwg:
AxA=90

Avtée o oprouds elvon 1oo80vaog ue Tov axdhouto: to BLOVUCUATIXG YIVOUEVO
elvan Sidvuoo UE UETEO TO YIVOEVO TV UETRWY TV SO0 dpYLXGDY SLovuoUdTey
enl 10 nitovo g Yeviag mou oymuatiCouy, n 8e xateliuvor Tou Siveton omd
Tov xavove g delibatpogne Bidac (xoyiia)?2.

To Srnvuopatnd yvouevo unopel va anopvipoveudel etxoha ue m Bordeia
o opifovoac. Av i, j xou k elvon wovadioda Seevhouora —dnhadh diaviouara

e povadiodo éTeo oTig Blevdivoels z, ¥ xan 2 avtiotouyo TTE:

i Kk
AxB=|4, A, A (1.9)
B, B, B,

Av n mapandve opllovoa avartuydel e TouC YVWwoTole Xavovee, 1o oroté-
Aeopa efvon axpac o oploude mou Sboaue yio To StevuouaTin Ywbuevo.
Ot mopomdves ahyefpunéc mpdielc umopoly va cuvduaoToly ue SLéwopouc
tpomous. To amotedéoyorto autdy v ouvBuaoudy, T To ToAMES (popéc,
elvan mpogavh. AN umdpyouv 800 onuavtixd tetRhd ywéueva, To omolo
ag{ler va avagépoupe. To tpinhé Poduwtd ywéuevo D = A - B x C nod

gUxoAx anodelxvietar 6t Siveton and tnv optlovoa:

A, A, A,
D=A BxC=|B, B, B, |=-B-AxC (1.10)
c. ¢, C,

To ywouevo auté mapauével to (B0 oe evoldayh Boduwtol-Siovuouotinod
Yvopevou xodag xou oe xéie xuxhid uetdleon twv TpLdy Srevuoudtey. T
MELOTE 6TL oL TapeviEcelc Bev elvon avaryxales, epdoov To SlavuouaTid Yi-

vouevo petalh Baduwtod xon Stavioparog Sev opileto.

2Ac nepiotpédboups 10 A mpoc w0 B xoté TN WixplTeen yovie. M Selidotpogn Bida
Tou TEpIOTEEPETAL Xt autdy Tov TpdTo o neoyweroel ot o Xatebiuvon xddeTn ot A

xa B, Autd n xatebbuvon xadopiler wny avtiotowyn tou Biavicpatoc A x B.
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To 1o evdLApEpOV TELTAG YIVOUEVO Elvar, TO TELIAG BlayualaTixd YLVOLIEVO
D — A x B x C. Mg cuveyf; sQupuoy1h ToU 0plolLol TOU BLavucuatnod
vwouévou, EE.(1.8), Beloxouye:

D=Ax(BxC)=B(A C)—C(A-B) (1.11)

Lpérel vo onuetwdel 41t ot tapeviécels 6To Slvuolatixd ywopevo etvon avary-
wofec. Av éhevrtay, T yvouevo dev do fray TAfpne xaoplouévo.

Yo onueto autéd da uropolioes xdmotog va avapwtiel Yo T SuvaToTnTe
Bodpeonge Suvuoudmwy. H Swlpeon Suaviopartoc Bl Bordpwtd oplletan BéPora
¢ 0 Ywbuevo Tou diaviouatog entl to avilotpogo tou Paduwtod Heyédoug.
H Siedpeon dueg Staviouarog S Stévuope oplletor povo av Saviouata
elvor Topdhhrhen And Ty SN, pmopolue Vo 0ploouuE YEVIXES ANOGELS SLovu-
ouaTnGy eElotoeny xau (' auTéV TOV TPOTO VoL EMLTUYOUUE xémota npdEn wov

uodler pe tn Stdpeon. Oewphiote Ty edlowon:

c=A-X (1.12)

6mou ¢ Yvwotd Boduwtd uéyedog, A yveotd Sidvusua xa X dyveoTo didt-

vooua. M yevia) hoov authc e e&lowong elvo:

cA

X =
A-A

+B (1.13)

bmou B eivor éva tuyodo didvuoua xddeto oto A, dniadr Tétolo GOTE
A-B = 0. Auté mou methyaue elvor vo Spéooue to ¢ da Tou A, 1)
xalhitepa Bpfproue T YEVIXh Yopor Tou Blaviopatog X mov tXovoToLel tnv
EZ.(1.12). Aev undpyet povadue Mo, ot autd oxpBag ety vel to Sudvuopa
B. Me tov (810 tpdno, uropolpe vor Sewphooupe T Slavuopotd eZlowon:

C=AxX (1.14)
émou A xon C yvwotd Swoviouarta xe X dyvesto Siévuopa. H yevieh Abon
autrhc tne eélowong elva:

CxA

X =
A-A

+EA (1.15)

6mou k elvon tuyaio Beduwtd péyedog. Enopeveg, 1o X oty EZ.(1.15) poud-
Zer moho we 1 ddpeon C B A, To Borduwto k Selyver axpde om dev
éyouue ulo povaduef hor e BE.(1.14). Av emawtfiooupe w0 X var LUAVOTIOLEL
tautdypova tg BE.(1.12) xou (1.14), téte n Aon elven povadin (av undpyet)

wa Slveton ard Tov TURO:

X= "+ (1.16)
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1.3 BAOGMIAA

Oa enextelvouye Thpa Tig Wéeg mou avamtOy ey oty meonyoluevy evé-
TR 070 Blavuopatind hoyious, Snhadh du avagepdolue oty mopaydyion
xa TNy ohoxhfpwon. H arholdotepn oyéon elvon auth uetoll evég Sravuoua-
00 edlou xou eV napayGywy evée Babduwtol Tedlov. Oa Arav yprouuo
TEETOL VoL ELOOLYSYOUUE THY évvola g Kateuburduerns mapaydyou ulog ou-
VépTNoTS TOAAGOY peTahntdy, 1 onola efven amhds o pudude petaBoric e
ouvdpTnong ot e ouyxexpuévn xotedduvan. H xareuduvéuevn mopdywyoc
wia Borduetic ouvdetnong cuuforileton ouvdwg we dp/ds. Oa mpérel va
Ttvel xoravonté oL 1o ds mepuypdpel T ooy elddn uetatémion ot BeSouévn
xarebduvon, xou 6tL ds elvon 1o UETEO Tou ds. Av To ds éyel cuviothoee di,

dy, dz, tbte:

d(ﬂ_ lim @($+AI,Q+AQ,Z+AZ)_‘P(x»y;z)

ds  As=0 As

HE3

Opdr Opdy Hpdz

T bzds  Oyds Ozds
I va xatavoriooupue xohOtepo v évvola e xateuduvouevng Topa-
yoyou, ag dempficovue i Boduwth ouvdptnon 0o uetdfhntdv. Eiol, 1
oz, y) meprypdget éva Badumté medlo dVo Sootdoewy. Mnopolue va oye-
SLUGOUKE TO P 6 SUVEPTNOY) TwY T X Y, OTWS AEVOUUE OTO 2y-(1.1) vy
™ ouwvdptnon p(z,y) = 22 +-y2. H xoteviuvouevn Tapdywyog oto onuelo
(%o, y0) e&optdron and ™y xareduvon. Av emiéZouue v xatelfuvon mou

xerdoplleton and ) oxéon dy/de = —zo/yo, Peloxouue:

dyp
ds

_Opdz  Opdy _
 Oxds | dyds

[on—zyoﬂ} &g (1.17)
Yo

Zo,Y0

Av emié€ouue v xatebduvon dy/dz = yo/z0, Beloxoupe:

2
- (2x0+2y—°) 9 /i (1.18)
0,Y0 Zo ) +y0

egdoov ds = +/(dx)? + (dy)?. Q¢ wa teltn nepintwon, emiélte dy/de = a.

Tére:

de
ds

¢i7

F = (2z0 + 2ayp)(1 + ) 1/2 (1.19)

Zo,Yo

AV oUTS T0 AMOTEREOUA TO TUPUYWYAOOUUE WS TPOS (& KOl ATOLTHOOUUE

N mopdywyog vou elvat undév, Boloxouue ™y WA Tou o yla TV omola 1 ma-
pdywyog elvar pgyiotn % ehdypotn. H wuh auth elvan o = yo/20, 1 onola
pog Sefyver amhag ot N xatedduvon g uéyiome UeTaBohfc TNC GUVEETNGTC
o(z,y) = «® + y? elvon 1 awctvieh. Av 1 xoelBuvoT elvol ot «mipoc Tol
€€y (HapLd amd Ty oyt TV aEévev) TOTE TO UEYLOTO aVAPERETAL GTO UéyL-
oto pubud abdnong. Av elvon oxTVX <TIPOS ToL UECUY, TO UEYLOTO AVapERETAL
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-
!

Syhuo 1.1: H owdptnon ¢(z,y) = z? 4+ y? wg ouvdpTnon twy & ka1 Yy o€
Tpwdidotato ypdenua

oTo uéyioto pudud uelwong A otov ehdyoto pulud adinone. Trny xored-
fuvan mou xodoplleton amd ) oyéon dy/dz = —xo/yo, 0 pUBSS LETAPBOMC
e 22 + 32 etvon undév. Auvth 1 xatedbuvon elvor egamtopevxt] oToV XOXAO
22 +9% = xd +y3. Etvow govepd 0T o auth Ty xoundhn, 1 @(x, y) = z2 492
dev petofBddheton. H xaretbuvorn undeviopol tou dp/ds Stver tnv xoarebiuy-
on g kouTOANG ¢ = otalepd mou diépyetan amd To cuyxexpyrévo omuelo.
Autéc ol xopniheg, Tou yio T ouvdptnon ¢(z,y) = x? + ¢ ehvar xhdoy,
etvon axpUBA avdhoYe e TG LooUPElc XUUTUAES TV TOTOYPAPXOV YAPTAV.
Sto Uy.(1.2) nopovoidleton 1 ouvdpinon oz, y) = x2 + y* oxeduopén ue
0 HopgT) looDPOY.

H 13é0 twv wobbdy unopel va yevixeulel oe cuvapthoelg Ty eto-
Brrtdv, onde ol emgdveles ¢(x,y,2) = otalepd ovoudlovion 100dUVaLIKES
emgdreies. To avéhoyo tou Ey.(1.2) ot teewc dwotdoec ebvar o u6vog
Tpox TS TE6TOC TEPYpouphc EVOG Porduwtol medlou otov tptodidoToto X6-
oo. H Boduido uioe Poduwthic cuvdptnong umogel va oplotel Thpa g e€fic:

BaBuida prag Padusthc ouvdptnong ¢ elvor éva Sdvuoua tou
omolou To LEtpo elval 1) UEYLOTY) XATEUHUVOUEVY TOEAY (YOS OTO
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Yyhuo 1.2: H ouvdptnon ¢(,y) pe ™ popen wolihdy e &do Siaordoeag

ovyxexpuévo onueio, 1 8¢ xareduvor elvor auty| 1 omola pey-

otonotel TNY xaTeELIVVOUEVTY) TAEAY W YO OTO OTNUELD oUTO.

Etvow govepd dti ) Paduide €yel Sietuvon x&detn otig looduvouixée ent-
@pdvetee g @ oo onuelo mou Yewpolpe. Ta cuvrléotepa obufola Tov
yenotponoovvTon etvar to® WV oxoe grad. Me 1 yphon e Bodutdac, n xo-
TeVuVOUEVT TUEAYWYOS YRAPETAL WS:

Cé—f = |grad ¢| cos 8 (1.20)

omou @ elvor 1 yovia yetald e xatebiiuvong tou ds xow tne xoretbuvong
¢ Parduidac. To anotéheoua autd gaivetor Tohh edxoha amd T YewUeTplo
tou 2y.(1.3). Av ds elvon 1 Savoouatin yetatdmion Ue pétpo ds,  EE.(1.20)
umopel var ypogel we:

%’; =grad g - g—z (1.21)
Avty) n e€lowon pog emtpéret va Bpodue Ty ovoluTiny popey g Pardii-
Soag o omolodnnote cUOTNUC GUVTETAYMEVGY YLd 10 omolo yvwpllouue
ropph Tou ds. Xto oloTrua opoydviwy CUVTETAYHEVKY, Yvoplloude OTL
ds = idz + jdy + kdz. Enlong yvopllovue ot

_ Oy Oy Op &

dy G:rder@—ydera

3Ty apyh Yo yenowonowlpe to Sedtepo abuBoro.
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p=wy p=potAp

Syhua 1.3: Turduata o wodvrapikdy empavedy wns owrdptnons o(z, Y, z).
To |lgrad ¢| ato onpeio P civai {0 jze o dpio tov Ay /PQ, kadds o PQ — 0,
a1 to dip/ds efvar to avioTowo dpo Tou Ap/PS.

Ané auth v eblowon xou Ty BE.(1.21) éneten b

?;’p dx + c’)ago dy + g— dz = (grad ), dz + (grad p),dy + (grad ¢).dz
T

EELoGvVovTag TOUG GUVIEAESTEC TV DOPORXOY TWV AVECHRTNTWY UET-

Bantedv xou ota 8o uéhy e e€lowong, nolpvouue:

9% 00 Oy
grad ¢ = 1(r7+ Ty k&z (1.22)

0TS EO0YOVIES CUVTETAYMEVES. YTl dhhot cuoThuate, 1 Stadixaaia TOPOYLEVEL
7 Bl L1 o@anpiéc CUVIETAYMEVES, UE Ta T, 0, ¢ brwe opllovtan o1o
3y.(1.4), £xovue:

dyp Dy Oy
1.
ard+ d9+a¢d¢ (1.23)

z

A
Tloiuwde
& ovorg

\9 T

0 -y

4———¢/

/

x

Yyhua 1.4: Opropds twr opaipikdy ovvtetaypévor v, 0 kai ¢
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oL

ds = a,dr + agrdfl + agrsin 0d¢ (1.24)

OmOU a,, ag X ay eival povadialo Slaviouato oTIE XATEVIUVoELS T, B, xou ¢

avtiototyo. Egapudlovtae tny EZ.(1.21) xou eZiodvovtag T0u¢ OUVTEAEOTES

TV aveldptntey Letafintdy, Talpvouue T Lopgh Tou grad:
Op 10p 1 Op

dy =a,— s o
SE 8r+a9r 60+a¢frsin98qb

(1.25)

OTIC CQUEIXES CUVTETAYUEVEC.

1.4 ATANTYXMATIKH OAOKAHPQYXH

Iog’ 6A0 TOU LUNGEYOLY Xo MM VEUATA SLAVUCMOTIXAS TUPAY (YIS, Elvon
TEOTLIOTERO Yol UEAETHOOUME Thpa 11 Slavuopamxy ohoxArpwon. o toug
Bixoic o oxomols, Veweolue TRV EBOY OMOUATEOUATH: TO ETULXUUTOAO
ONOXNAOWUSL, TO ETLPAVELOXG OAOAAARWIUN HOL TO YWPLXO OAOXATIPWU, OVAAO-
yo uE To Slapopixd nou eugavileton. H und oloxhfpworn ouvdpinor unopel va
elvar Bortuetéd A Sravuopotixd medlo. Mepuxol an’ autolc Toug ocuVBLACHOUg
(drapoprd-cuvdgtnom) Stvouv ohoxAnpwuata Tou dev Topoucidlovy evilage-
pov. Autd mou pag evilagépouy e8G elvar To Boduwtd emxouniio OAOXAT-
pwpa Srovuouatixol tedlou, 1o BatunTo em@avElxd OAOXATRWU SlovuoLo-
o0 nedlou xan TEhoc 10 Ywed ohoxifpwua Batuwtol xo Stavuauatixod
nediov.

Av F elvon Stoavuouotind nedlo, 1o emxapniiio oloxAfpwpa tou F ypdegpe-
oL ¢!

/b F(r) - dl (1.26)

(@)

6mou C elvon 1 xounOAn xata ufxog g omolog yiveton 1 ohoxhfipwan, a xau
b elvar To apyind xan TeEAG onpeio oty xopumbAn xou dl elvon 1 GToyetwdng
Stavuouati petatdmion ndve oty xauriin C. Egbdoov 1 rosdtra F(r)-dl
elvon éva Bauwtd, 7o (Blo toyder tpoavie xan Yo 1o ohoxifipwua. O optoude
TOU EMXAUUTONOU ONOXATPOUATOS aXOAOUIEL TLOTE. TOV OPLOUO TOU OpLOULEVOU
ohoxdnpduatog xatd Riemann. To tufue e xournding petald 1wy onueiwy
a xon b Srauepiletal oe éva peydho apihud ppdy tunudteoy Al Ta xdde
T€toto U, umohoyiletan n T g F oe xdnow cowtepnd onpelo tou
tpiuatog. Lynuatileton to Baduntd ywduevo xdde Al; ent tnv avtiotouym
wuf tou F xan adpollovron o anoteréouata. To emxouniio oroxhfpwua
opiletal wg o 6plo autol tou adpoiouatos, xadog o apriude Ty TUNUATLY

e Swoéplone Tebvel oto dmelpo xar to urrog xdde tuAuartog oto undév.
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Autéc o oploldg YedpeTan:
N

b
f F-dl= lim Y F;-AlL
a(C) N—ooo —1

Efvor onuaytixnd vo tepatneAcoulde Tt 1 THf T0U ETXOUTIALO ONOXATIPMUO-
to¢ eEaptdran ouvidng, Gyt Lovo amd To el a xon b, ahhd 3o amd Ty B
wopeih e xaumiine C, xotd pfxog tng onoleg yivetar 1 0hoxAipwon: 1 T
ot 1 xazeliuvon e F(r) xoddg xan 1 xotedduven tou dl ot xdde onueto
e C eaptdvon amd Ty (Btoe Ty C %o Ty EQARTOUEV) T1g, avtioTouya,
oo ouyxexpuévo onuelo. To emxauniilo ohoxhfipwud Téve O UL XAELOTH
HOUTIONT EEV0L OPXETS OTHAVTING (DOTE VAL YPNOUIOTOLOUUE ELBXG oupfohloud,
dnhadh:

j{ F.dl (1.27)

c

To ohoxMipwiie. xatd uixog pag xheloths Yeoppfc dev elvar ouvitag undév.
To olvoro Ty Swvuouatixdy 1edlwv, yio o onolo To emxanilo ONOXAT-
cwuo, xotd pixog kdde xhetoThe xopmihng elvon Undey, Exel Bialtepy) onuaoto.
TV owtédy oxpuBds o héYo, mohd cuyvd cuvavTobue emxapmiie OAOXATRG-
LOTA KT UX0g o xheloTig xapunding n onola dev rpoodopiletan. T

TAPADELY L
?§ F.d (1.28)

O cupPoiopée autdg elvor ypHoLLog POVO OTIC TERLTTACELS OTOU TO ONOXAT-
peua ghvon aveldeTnTo and TNy xourihn C, péoa ot Wdhhov evpéa OpLo. Av
undipyel 1 mopaxet auoBohla, etvar Tpotidtepo Vo xardogtleTan 1 XHUTOA.
I Booint 1E90B0C LTOROYLGUOD TV ETLXHUTIALLY OMOXANPLUETLY Elvon 1) pio-
VOTUPUUETELXH TEpLY o THS XOUTEANG %ol 1) XeTiom QUTHG THS REPLYPUPRS VLot
1) LETOTROTY) TOU EMXAUTIALOU OMOXANROUATOS OE G)poLole TELOY ATAMY (o
VOBLAOTATOY OROXANEWUETOY. DTic TEpLeoHTERES TEQLTTAOOEL 1) péboBog auth
elvon Popeth xoL ypovoBdpa. Butuyde, TOA) oméviar T YPNOLLOTOOUME YL
Tov unohoyioud v oroxinpwudtwy. ‘Oneg do gavel apydtepa, elvan ou-
VB duvatd vo arodelfoupe 6Tl To emxopnihio ohoxhfipwpa Bev egapTdtal
amé T Sdpopt LeTaEd v oplwy. X’ outh Ty nepintwon, unopet vo emuieyel
oL oA Sadpouh Tou var amhonolel TV ohoxAripwor,.

Av F eivar éva Siovuoyotind medlo, to em@aveloxd oloxhfpwua touv F

YEGQETH WC:
/ F.nda (1.29)
s

bmou S slvan 1 empdvele Téve oIV onola TEAYUATOTOWUUE TNV OROXANP-
o, da slvon pio oToyEddng empdveld Téve oty S, xau n elvor To povodtalo
xédeto oty da Sidvuopo. Trdpyet (o anpocdioptatio oty emAoYY) Tou 1,
1 onola afpeTon We 1o vo Yewpooupe To n va xorreutivetar xdeTa xon TEog
o 68w av 1 S elvon whewoth emgdveio. Av S elven avouyth ohdd meme-

cuoévy emupdverd, TOTE EyEL GUVOEO, XolL 1 Popd Tou xddeTou Biaviouatog
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———— XUvopo

Yixfua 1.5 Xyéon puetadd tov kdfletov oe ya empdves diavdouarog n xkai
TN¢ popds Maypapnis tov gurdpou

xadopileton o oyéorn ue v audaipeta oplouévn Betixt| popd dorypowhc au-
T00 Tou ouvdgou. ‘Onwe galvetar oto Ly.(1.5), n Getxr gopd Tov x&decTou
Sraviopartog etvon 1 @ogd xatd v omola Ba mpoywehoet pa deZibotporn
Bida av mepioTpapel xotd T Vet popd e cuvoplonic xauniine. Tloddéc
POPEC, TO ETLGAVELING OAOXAApwUe Tou F mhves e o xheloth entpdvelar S

j{F-nda
S

Ly6ho avdhoye e exelva mou avopépdnuon yio To emxaumiio ohoxhhpw-

ouuBoMCeTon we:

o Yo pmopotoay va emovengdoly xa €86, To emupoveloxd ohoxhApwpic
Tou avapepouue elvor Béfaia Paduntd uéyedog. DBuvidug efoptdron and v
ETLPAVELL OhOXATipwong S xan YU’ auTd oL TEPLITOOE Tou elvor aveEdpTnTo
etvon Wiadtepa onpoviiég. O oplopds Tou emipavetaxol ohoxAnedLaTog elvay
axptBog avdhoyog pe autédy Tou emxauniion ohoxhnpduoros. H axpBric
Sroduacior apiveton we doxnor,.

Av F elvon éva Stavuouatind xou ¢ éva Baduwtd medlo, téte ta Sho olo-

HANPOUATA GYHOU TOU Uols evdlapépouy elvou:

J:/ v dv xou K:/de (1.30)
v v

Etvor gaveps 1 1o J elvor Boduwtd xan 1o K Sdvuspa. O oplopébe autdv
6V ohoxAnpwudTtwy avdyetal YeRyopa ot ohoxhhpwpua xatd Riemann otic
Teewg Swuotdoelg, ue ™y edafpeon 6T oto K umdpyel éva ohoxhhpwua yia
xnde ouwothoa Tou F. Autd T ohoxhnpdpora elvar cpxetd yvwotd dote

vor ) yeetdlovion TEpotTépLy GYOALAL.

1.5 AIIOKAIXH

‘Evag dhhog smoudaiog tereothc, o onolog ouctaotind efvan e TopdywyYog,
elvon 1) ambxhon. H andxiion evég Savuouatixold tedlov F, nou ypdpeton g
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divF, oplleton w¢ eérc:

Ardriion Sravuopoatixod tedlou elvon 10 6plo TOL XAELCTOY EMLpa-
velaxol ohoxhnpoustos Tou edlou avéd wovddo oyxou, xoddbhe o
éynog Tou mephelel 1 xAetoTH emtpdvela Telvel oto undév. An-
Aoy

divF = lim ingJﬂdOL
3

V—0

H améachion elvon gapie o Bodumtd cuvdpmon (Babuwté nedio) xa oplleton
070 6pLO THC EMLPAVELNS ONOXAPWGTS. AUTOC 0 0pLoUAC EYEL CPXETH TAEOVE-
wrhuato: efvon aveEdpTnTog amd THY EMACYY TOU CUGTAUNTOS GUVTETALYEVEY
o unoget v ypnoytonotndel Yol Tov Tpoadloplold TS CUYREXPLIEVNG LOPTC
70U TodEVEL 0 TEAEOTAC TNG OMOXAONG O HEMOLO GUYXEXPUIEVO GUGTNLLL.

3110 cUoTNUA 0pY0YMOVLOY SUVTETAYREVOY, 0 OTOLXEWSTE Oyxog AzAyAz
Tpoc@EpeL piot xatdAAnhn Bdon v Ty edgeon Tng ombxilong. Av i

7 s I 2 7 4 5
xopuen Tou oploydviou tagudiniemnédou elvor oto onuelo Zo, Yo, 2o, TOTE:

OF,
Fm(ﬂfo + Axayv Z) = Fm(xo»%z) + Az
8$ Zo,Y,%
OF,
Fy(2,90 + Ay, z) = Fy(z,50,2) + Ay — 7 (1.31)
y 90,2
OF.
Fz($7ysz + AZ) = Fz(m}y>20) + AZ 8Zz
T,Y,20

4mou oL Gpot avotepne téEne oe Az, Ay xou Az mapaielnovion. Egocov
" otolyewddne emodvete AyAz elvon xddetn otov dlova x, n AzAx elvon
w&detn otov d&ova y xon 1y AzAy elvon xddetn otov dova 2z, 0 oploudS TNg
anbxALoTG YIVETOL: '

1
ivF = lim —— F,
div Jim Aehyhs {/ w(zo,y, x)dy dz

+nedyn:0m / Fy(z, yo, 2)dx dz

OF,
-i—AgcAyAza—yy -%-/Fz(x,y,zo)da:dy ‘ (1:32)

oF,

+ AxAyAz 5 —fo(xo,y,z)dydz
z

- /Fy(x,yo,z)dwdz—/Fz(m,y,zo)dwdy}

To apynTind TpdonUOo ToL TUEOUGCLALETOL GTOUS TEELG TEAEUTALOUC Gpouc ogel-
AeTow 670 YEYOVHS 6TL 1) Popd Tou Tpoc T EZw xddeTou GTNY EML@AvEL Slorvi-

ouaTog EfVol, OTIC TEPLTTMOGELS AUTES, XAUTE TN QOPE TWYV ARYNTIXWY HULUEOVGV.
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To épo umogel vor unohoytotel ebxohal, xau 1 andxiion oe oploydvieg cuvte-

Toryuéves malpvel T Loph:

F, F z
clisz‘9 +a y+aF

Ox Ay 0z )

YT opoupixés ouvtetayéveg, 1 Stadixaota elvar avéhoyn. O éyxog mou
repudheleTon amd Tig peTaBorég Twv ouvteTaypévey xatd Ar, Ad, Ag yenol-
nomoteltan €86 ¢ oyxog ohoxhfpwene. Autdg axplBeg o GTOLYELWSNS OYXOG
ctvor 72 sin BATAOA . Eneldy o byxnoc eoptdron amd v T TV HETOBAT-
v (mpdyue To onolo dev cuUBdivel TS XAPTEGLOVES ouvtetaypéves), elvon

npoTdTERD Vo Ypdhouue to F - nAa oe mhiipn uopyx:

F - nAa = F.r?sin 0A0AP

(1.34)
+ Forsin 0AQAr + FprArAf

Ané v Topamdve Hopen, elval govepd 8Tl Ldhov 10.F,r? sinf, xon 6y 10
E,., mpénew va avartuydel oe ostpd Taylor. Opolne xou oToug dhhoug 6poug,
Bo rpénel vor avamTuy B0y 0L GUVTEAEGTES TRV YIVOUEVLY TRV OTOLYELWDWY JE-
to3ohav. TlparyatonoudvTag autd To avamTl YT, Ta XEY|OULOTOLOUUE OTOV
UTOAOYIOUO TOU ETLOOVELEXOU OROXANEMOUOTOS TOU ER@UVIlETOL OTOV 0pIOU0

TN AnGXMOTG, XKoL TEMXA Talpvouue:

1 5,
vF = | 5o (Fpr?si
div VH_I}O r?sin 0ArAGAP {87“( T sim)ArAsas (1.35)

+ %(Fgr sin ) ArAOA P + %(F¢T)ATA9A¢}
Oewphvtac T0 6plo, 1 AVOAUTL Lop(H TNE ATOXALONG OF CQOLEXES CUVTE-
Tarypéveg elva:

10

. __ 2
divF = T_Q—a__(T Fr) -+

1_or,
rsind O¢

0 (sin @ Fy) +

rsind 00 (1.36)

3

Auth 1 pédodoc elpeong g avodutihe popgric the ambxhione egapuole-
o ylot OTOLOdATOTE TUOTNA CUVTETOYUEVLY, EP6COV ElVOL YYWOTES Ol LOp-
PEC TOU OTOLYELOBOUC OYXOU Kol TNG oTolyeddoug empdvelag f, avdioya, ot
oTotyELwdelg METATOR(OEL.

H guoud onuacie e emdxieng galvetan apéawe ond évar mopdderya,
0 onolo Sovellbuaote and T unyevid] Ty eeuatdv. Av 'V elvon n toryd-
TTAL TOU EEVGTON, WG auVdpTNoT Trg Béomg, xau p M TUXVOTTE TOU, TétE 1)
GUVORLXH TOCHTATA TOU PeuaTod avd povddou xpdvou, 1 orola eyxartohet et
Tov &yxo mou epbdelet 1 xheloth empdvela S, evan §g pV -nda. Av to pev-
016 elvon aouuTieoTo, To enlpaveld ohoxMiprud avagépeTal 6T TUVOMXT)
TYH Tou peuctol mou Tepuhelel 1 emgdvel. O mupandve AoLrov opLapMég

e améxhione uodewviel 6L auth unopel vo epunveudel ex veéou wg To bplo
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e évtoong Tne YRS avd povada Gyxou f g N TUXVETITAL TNS g Evog
acuunieoTou peucTol.
O avagépouue xo o amodetfouue, 010 onueio auto, Evo TOAD ONUAVTIXO

DL, TOU OVOPERETOL GTNV UTOXALOT).

Ocdpnua tns arékhions. To xhewotd emigpoverand ohoXApeUo
uag Stavuopotixhc cuvdpTong TEve oTny empdvela S elval {oo
UE TO Ywptxd ONOXAAPOUA TS ATOXALOTIC TS TLVAETNONG TAVO
otov éyxo V mou mepudelet 1 XAELoTH EMLQAvELR S.

/ didev:y{F-nda
v s

Bewpfiote 0Tt 0 dyxog dauepileton o éva peydho opriud and pxpés xUPei-
Sec. ‘oo 61l 14 xudehido éyet dyxo AV; xau mepudheletan omd Ty enpdvea

°

S;. Eivow povepd ot

ng F-nda:ng-nda (1.37)
IS5 S

btou o xodéva amé Ta OROXATPGLATE TOU optoTepol Léhouc TS etlowarg,
10 Suévuouo n xateudiveTon Tpog to ewTeplnd Tou avTioToL(oU OYX0L ToU
reeuiheler 1 S;. BEodoov n eZutepuh xatebiuvon oe ula xupehida elvow 1y ecw-
tepueh xaretduvor othy xatdhAnAn yertovh xuehida, Oheg o CUVELCPORES
570 aplotepd péhog e EE.(1.37) oddnhoaverpodvion, EXTOS amd QUTES OV
repuéyouy TufuoTe e empdverag S. Eror omodelydnxe n EE.(1.37). To de-
henua g andXMONG TRPOXDTTEL AV aQHCOUUE Tov Pl Ty xuperlbwy va
Telvel 670 dmelpo e TETOLo TEOTO WGTE 0 OYx0g Xdie xudeAidag va Telvel 010

undeév:

) 1
j{;Flnda_Al\/le»O i {AVZ- ﬁiF-nda}AVi (1.38)

Y10 6p10, T0 dpotopa Ve ot i yivetor ohoxMpwuo atov Gyxo Voxa o
AGY0C Tou ohoXATpduatog Téve oTic S; Sla Ty AV yivetow 1 ambxAior Tou

F. Enopévog:
}gF-nda:/ divF dv (1.39)
s 14

70U givar axefdc 10 Vedpnua TN omdXALOTC. Od YENOULOTOLOUUE oUYVE T0
Bedenue autd, otny avdmtugn dewpninwy NUdTey TV NAEXTPLOMOD Kol
TOU LY VITLGILOU SAASL %0l GTOV UTOAOYLOHG OMOXATIEOUETWY.
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1.6 XTPOBIAIXMOX

O tpltog evdogépwy dpopixde teieotic elval o atpoPiiiouds. O otpofiil-
oubg evoe Swvuouatieod nedlov F| o onotog ouuforileton e curl F, oplletan

wes €k

Yrpopruionuds Siavuouatixod nedlouv F elvar to épro tou Adyou
TOU KAELGTOU ETUPAVELIHOV OROXATOOULNTOS —TEvVW GTNV ERLYAVELNL
S— tou eZwtepxol ywvouévou tou F exnl 10 npog tal #€w xddeto
Sidyvopa 1, npog tov 6yxo V', nou neptheletol amd TNV ETLGAVELY,

xodde 0 byxoc telvel oo undéy. Aniadih:

1
curl F = lim ——%n x F da (1.40)
v—o V g

H avahoyla petadd antod tou oploitol xon Tou aviiotolyou Tne amdxhiong slval
egoviic. 2t B€omn tou Poduwtod yvopévou tou Stavuouatixol tedlou ent to
XGOETO PO TNV ETUPAVELX SLAVUGHM, EYOUME E0M TO SLOVUOUOTIXG YIVOUEVO.
Kotd ta dhha, ot oplopol elvon (Siot. "Evog StapopeTindc ahAd Looduvauog xal

Lo Yehoteog opLolog elvar o e€7¢:

H ouviotooa tou curl F xatd ) Sieduvon tou povadialou Stavd-
opaToc a elval To Gplo ToL XAELGTOU ETUXAUTUALOLU OACHATIOOUATOS
tou wedlou avd povada emipdvetac, xoldS 1 ENLQAVELY TOU TEQL-
nhelel 1 xAeloTh xaunOAn telvel 7o undév. To povadiaio Sidvuoua
a elvar xddeto otny empavela auth. Aniadn:
1
a-curlF=lim - ¢ F-dl (1.41)
§—0 c

6mou 1) xounOAn C, mou oplodetel Ty emgdvela S avixel oe €va

exinedo xddeto oo Sdvuoua a.

Etvow elnoho va Set xavels Ty avahoyla tov 300 optopdy dewpdviog pio
eninedn xoundhn C xou tov avtlotolyo 6yxo mou mopdyetol 6To 1) XoUTOAN
uetonaviel xatd € oe xatebiuvern wddetr oto eninedd e, onwe patveton oo
Yy.(1.6). Av to a eivor xdbeto oo entnedo e xopumiing xou Yewphcouue to

Boduwtd ywbuevo tou a e tov Tpdto oploud tou curl, n EE.(1.40) yivetow:

< 1
a-curlF = lim —j{a-n x Fda (1.42)
V—0 g

Egboov 1o a elval tapdAinio otny xddetn Stebbuvon yia AN Tnv meptxhel-
0VoW ETLPAVELY, EXTOC and T Aenty| Awpelda mov mepxAelouy ol xounieg C
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s

Syhuo 1.6: O dykog mov tapdyetar and Tn) HeTaKivnon Tngs eniredng KapumiAng
C kazd T BetBuvon tou Buvioparos a, to orolo elvar kddeto oo eminedo

NS KAUTUANS.

o 7, mpémet var hngdel umddn Lévo to ohoxdfpwie Ve O oaUTH TNV A-
ol TV quth] oxpuBede Ty enupdveLa, TopaTnEOdUE OTL a X n da elvon amhog
£dl, émov dl elvan 7 ooy eLddng LETATOTLOT) 2Tl Uixoc TN XU mOANG C.

Emnnhéov, V = €8, ondte 10 bplo Tou 0hoXANpdUaTog elval:

1
a-curlF = élinof—s‘?igF.dl
xon o deltepoc oplopée epgavileta Lohg anioroicovue To £ H tsoBuvoytlo
v dUo optoldy umoget va amoderytel emiong ywelc T yeriomn TOU SUYXEXPL-
uévou byxou, hhd ot Bépoc TNG amAGTNTAC TG oMOBELENG.

H poppt mou madpvet o otpofilionog ot Siéipopo cusTHUT avagopds,
unogel va Peedel pe avéhoyo tpémo OmeC xow oTNY TEPITTWON TNS amb¥AL-
onc. Xto ovotnua oployGVny GUVIETHYUEVWY O otolyEwWdne oyxog el-
vou AzAyAz. Ttn T oUVOTOCH TOV OTEOPLACUO) GUVELSPEEOUY UOVO OL
eTLPGVELEC OV Elvall wédetec otouc dfovec ¥ xou z.  Trevdupiloviog 6T
jxk = -k xj=1i o yun undevinéc ouLVELGQORES TLY EBPOY TOU TAPUA-

Aheminédou o & cUVIETOGN ToU oTEoBlouol divouy:

. 1
(CurlF), = Jm o (= Fy(@92+ 82) + Fyfap2)dedy

+ [Fz(‘r; Yy + Ay: Z) - Fz(l’? Y, Z)]A(BAZ}

Avartiooovtoc xatd Taylor ot 9empovtog 10 6pl0, XOTOAYOUUE OTNY £x-

e OF, OF
2_ Y
Oy Jz (144)

Tio Tz ouvioThoo Tou otpofihiopold. Me axpBie avitoTor o Tpono Bet-

(curlF), =

OHOVIAL X oL dhhec 30 GUVLGTOOCES:

0F, OF. OF, OF,

5 5 (curlF), = (1.45)

Or oy

(curlF), =
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H uopot; Tou otpoflilouol oe xapteclavés ouvteTayuéveg Unopel elxola va
ATMOUVNUOVEUTEL AV THRATNRNCOUUE OTL avTIoTOLYEl oty avdntudn wog 3 X 3
opllovoac, dnhadr:

i J k
o o 0
F, F, F,

H elpeon g oppris Tou otpofuiionod ota dhho cuoThHuato avapopds elvet
EANPEWG TILO TEELTAOXT] Xt OPTVETOL WS AOXNOT).

‘Ornwg axpPde xow oty TeplntwoT Tne andxAons, cuvavtdue €va TOAD
ONUOVTLXG KoL YENoULo VEMENU, TOU UVUPERETOL GTO GTROPBLALOUS, YVLoTh

we Yewpnua tou Stokes.

Oeddpnue tov Stokes. To emxouniio oloxhApwua evde Storvu-
ouatixol medlou xatd unxog o xAeloThc xamtiine C elvan (oo
UE TO EMLPAVELOXO OAOXAROWUC TOU STPOPALGUOY ToU Tediov nd-
vt ot omoladritote empdvela mou opodeteltor and TV ¥heloTH
woumOAy C. Anhadh:

%F-dl:/curlelda (1.47)
c ]

omou S elvot Lol oTOLdATOTE EMPEVELY TOU éYEl CUVOPO TNV XAEL-
oth) xoumiAn C.

H amé8eiln tou dewpfiuatog autod elvon avtiotoryn e auth tou Yewphotog
e anoxhione. H empdvein S Siauepiletan oe éva ueydho opripd xudehiSov.
H empdvera tng 4 xugehidac elvenr AS;, evdy 1 xaundhy mou Ty optodetel elvon
n C;. Egdoov dhec ou C; mpénel va Siarypapoby xatd tnv (St gopd, 1 uéwn
OUVELGQOPE TOU WUMOUEVEL OTO UPOLOIO TWY ETLPAVELAHWY ONOXANPLUETLY
ogelheton otar TuaTe Ty Cf, ta onofa avixouy oty xoundin C. ‘Oleg oL -

dAAeg cuvELsPoRES ahhnioavaipotvion. Enopéveg:

-dl = F.dl
AR 4

To uovo mou amopgvel Thpw elval vo Yewprioouue 10 6plo xadde o aptduoe
TV xUPEAdLY omelplleton Ue TéToo TPdTO KOTE 1) emtgdveta xdde xuheAldoc
va 1elvel 070 undév. To anotéheoua authic tne Sladtxaciog elvar:

. 1
jliF-dl—AgliniO;ASi %CiF-dlASi—fscurlF-nda
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mou elvan oxppirc 1o Yedpnua tou Stokes. To Bedpnua auth, OTWC XL TO
avtlatolyo Tre amdxhong, shvan xphollo t6o0 oty ovEmTUE T TNG NAEXTEOM-
yvnTehc Bewplag 00 ot 0TOV UROAOYLOUO ohoxinpwudtey. Towg Ha npéne
Vo GrUELOGOUUE 6Tl xon ol dlo awtd Dewphuora elvor oty oucta pepixég
ONOXANEGOELC.

1.7 O ATANYTXMATIKOY ATA®OPIKOX
TEAEXTHY V

Etodyouus thpo éver Sloxpopetind oupfoioud v ta tpia ldn e dovuouo-
Tixfig moparyGYLoNG (e Tor omolor acyohixauE, Snhadry ) Pordulde, Ty omd-
xhon %ot w0 otpofihioud. Autde o ouuflohoios ypnoulorolel to diopopixd
teheoth avdBekta, o omolog OE XUPTECIAVES CUVTETAYHEVES optletan wg:

0 0 0
V=i—+jz7—+k 1.48
or oy T e (1.48)
O ovédehta elvan évoc dagopinde teheothe, Ue Ty évvora OTL dpa Thvew oE
suvapThoeLc T (T, Y, T), Tic omoleg xou mopaywyiler. Elvan enlong xou Savu-
SUOTIHOE TEAESTAC, ME TNV Evvola OTL UTaXOVEL 0TOUG VOUOUS TG Sravuoua-
mhe dhvePpact. Xpnowomowbviag tov avédeAto, ot E£.(1.22), (1.33) xon

(1.46) ypdpovran:

grad =V,
_Op  Op L Op
div =V,
oF, oF OF:
. F — xz Y z .
\% g + By + EP (1.50)
curl = Vx,
i j k
a & 0
F=| — — — .
VX dz OJy Oz (1:51)
F, F, F,

H yprion Tou avédehte elvor xat auth aveEdpTTn omd T0 CUTHEXPLUEVO olotn-
ua ouVTETaYEVRY Tou emhéyoude. ‘Ohec oL IBGTNTES, TOU UTOPOUY Vol dno-
Setytolv 010 xepTESLAVS, Loy louy oE onolodfnote dhho cvotnua. H opPh
Tou avdBehTa ool PN XopTEGLaVd (XUUTUAOYEOUUN) cuoTiuata efvor avdhoyn
ue v EZ.(1.48), 6mou Béfona Ypnotlonolotue T XUTEAAES OTOLYEWDBELS
uetatonicec. Enfong, mpénet var hdfBoupe urodn upog 6t ta povadiodor Sovd-

ouote o ouTé o oucTHUATY elvar GuvaETACELS TN BEong, xau EMOMEVIG XL

YOmwe anobevieton oo Iapdetnus B o ovédehta LRoKOUEL 0TOUG VOROUS UETAOYT-
PATIORO0 TwY BlavuoUdTmY.
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autd ta B dagopilovtan®. Ta onuavind oroxhnpwtind Yewphuate tou
avapéginuay otic BEZ.(1.21), (1.47) xou (1.39), ypdpovro:

b

b
ng%dlz/ dip = gpr =y — g (1.52)
a(C) a

/VXF-ndazj[F-dl . (1.53)
s ¢

/V~dezj§F-nda (1.54)
v S

O mapamave e€lonoelg 3ivouy 10 OANOXARPLU TG TUEAYEYOU ULIG SUVEETY)-
ong og W TepLoy ) n SlaoTtdoewy, wg ohoxhnpwuata TG (Stae e cuvdpTtr-
oYG OF [l Teployhy 1 — 1 Slaotdoeny, mou anoterel To oUVOPO TOU cpYLXOl
n-8léoTatou xodeov, omou n = 1,2,3. Eredh o tehesthc avddehta vmo-
%x00EL GTOUE VOUOoLS TNe dlavuopatinhs dhyePpas, elval xatahhnhdtepog otig
TERLITOOELS OV eugaviovton diavucuotieés npdlels, xot emopévns Yo exppd-
Coupe ) Borduida, v andxiion xo to otpofihiopd pe owTtdY Tov TEAECTH.

Treviuuilouvue 611 0 avédehta elvor ypappikds TEAecTAC

Viap +byY) = aVe + bV
V. - (aF +bG)=aV -F+bV. -G
V x (aF +bG) = aV x F + bV x G

émou a xan b etvon Boduwtée otadepéc.

1.8 IIEPAITEPS2? ANAIITYEH

H Boduidar, n amdxiion xan o otpofihiouds elvan tehectéc oL onolot unopolv va
Spdoouv eravaAnTTLXd oe xaTdAANAoLg cuvduaouolc Tedlwy. T tapdderyua,
UTIOROUME YU EQAPUOCOLUE TNV andxAion Téve ot Boduida evég Poduwtod
nedlou. Hpdypatt, autt) 1 cuvBuacuévn epopuoyt elvar ToNG onuavtua dote
exer xou Swd tng dvoua: ovopdletar Aamaoiavii f tehcotric Tou Laplace.
flotoo0, Bev Exel vorua o oTRoBMoUbS Trg amdXALOTG VO DaVUCUATION
medlou vl autd onualvel epapuoyY Tou otpofliouct ot Baduwts wedio,
Tpdly mou Bev oplleton. Xuvohxd, napoucidlovion mEvte eldn emitpenTOY
cuvBuaouGY debTepNC TAENG, xou dbo and autole elvar Tautotixd tool ue undéy.
Map” 6har autd, xon ot mévie ouvduaouol eivon onuavtiol oTn perétn Twy
NAEXTEOMAY VITLXWY EdlmV.

O npartog ouvBuaoude elvan o teAeotris Laplace, o omolog oplletor we n
andxhon tne Parduidoc evog PadumTtol redlov xon cuuPoriletar cuvilng we
V2

vV.v=V
5%to Moupdptnuo A’ unopeite va Beelte T wopgt Tou avdBeATo oTic XUAVDEIEC 3o GpaL-

puds ouvtatoypéves. Mo otouyeiddng ewooywy? dlveton and tov H.T. Young, American
Journal of Physics, téy. 40, ceh. 109 (1972).
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Y& 0pdoyOVIEC CUVTETAYEVES LOYVEL:

o Py  Po
1.55
oz = Oy? * Oz2 (1.55)

Vip=

Autéde 0 teheoThg elvon TOAD OTUAVTIXGE OTNY AEXTROTTATIXY Xol Yoo Tov
yonoronotficouue eravelhnupéve oto Kegdhowo 3.

O otpofihioude trg Poduldeg onotoudhmote Baduwtol edlou elvau uUndév.
H npétooy auth anodetevbeton elxoha Ypdpovtde v ot oploywvies ouvte-

torypéveg. Av i ebvon to Boduwté nedto, tote:

i j k

o 7] a 82 32
- = _— . ¥ ¥
op Op Oy

ox Oy 0z

TOU AMOBEVIEL oGS TNy dpYKh TpdTooT. BupPolud, uropolue v Ypd-
bouvue: )

VxV=0
I oméxhion 100 6TpoPhouol OTolaodATOTE SLUVUGUOTLXC CUVARTNONS elvon
enfong undév. Kou auti 1 npbdraor anodewvietat aUeons av YENOLLOTOLGOU-
ue 0pOYMYLEG CUVTETUYUEVEC:

0 (O0F, OF,
V'(VXF):%({:@ _8_;/>

+2 Q&_% +...?0
Oy \ 0z oz -

(1.57)

O éhot S0o Suvortol teheotée Seltepng tédng oynpartilovon av dewpricovue
0 oTpoBihopd Tou oTpoPihionuol 1 tn Paduida e andxhiong evdg Siavuopio-
ol medlov. H anddelln tne napaxdte oyéore (og oploynviee CUVTETAYLE-

VEC) QpVETOL 0§ GOANOT:
V x (VxF)=V(V-F)-VF (1.58)

610 7 Aamhaoinh Stevuouatixol mediou elvar to Slavuouatxd medlo tou
onotou xadeulo and Tic oploymvies ouviotdhoeg elvor 1 Aamhaotovh Ty av-
tiotouywy 0pBoydviwy cuVioTwody Tou apywxol Tedlou. T tar dhhar oUCTH-
uortor suvtetayuévay, 1 Aamhoowon Stavuopatixol medlou opiletar omd Ty
EZ.(1.58).

Mnopotue enione va Solue T dpdon TV SlaopnY TEAECTOY TAVE GE
ywvbueva S0o Tedlov, Stavuopanixay 1 Baduwtev. O €€ uvorol ouvduoouol
TV SLopopdy TEREOTOY XaBiS %ol N EQUPUOYT) TOUG GE YLVOUEVOL nediwv
nopousidlovrar, otov Hivea 1.1, Ou TaUTodTTES QUTEC UTOROLY YOl anodet-

yToOv elxoha 010 GUOTHLY oployOVLKY ouvteTayévey, Tedyud To onoto
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V- Ve =V (1.1.1)
V-VxF=0 (1.1.2)
VxVp=0 (1.1.3)
V x(VxF)=V(V.F)-VF (1.1.4)
Vipy) = (Ve)v + Vi (1.1.5)
VF G)=F V)G+Fx (VxG)+(G - V)F+G x(V xF)(1.1.6)
V. (¢F)=(Vyp) F+¢V-F (1.1.7)
V FxG)=(VxF)-G-(VxG)F (1.1.8)
V x(¢F)= (V) xF+ ¢V xF (1.1.9)
VXx(FxG)=(V-GF—(V-FIG+(G-V)F—(F- V)G  (1.1.10)

ivocag 1.1: Awgopikés tavtdinres Siavvoudtov

elvor apxeTo YL va e€aopaiioel Ty G Toug ot xdle cbotua. H egopuoyh
Slopopiol TEAECTT| OE YIVOUEVO TOLOV ] TEPLOCATERLYV cuVaPTAGELY, XaddC
XQUL T} EQPURUIOYTY) TEQLOCHTERWY Amd SU0 BLoKpopLy TEAECTAOY, pTopel Vo uTto-
AOY\OTEL UE ERAVOANTTINA EQUEUOYT TV TowToTHTwY Tou Hivaxa 1.1, o onolog
elvon mAfene. Ou tawtdtnTec autéc amopvnuovebovtal elxola e T fordela
TWY Xavovey 11¢ Slavuouotinhc dhyeBeac xat g ouvilous Topaydylong.
H uévn dwagoponolnon mapovoidleton otny EE.(1.1.6), érou euwavileton to
F .V (avtl tou V- F).

Mepixeg ouyxexptuévec ouvapthoels epgavilovior oLy Ve GTOV NAEXTEOMO-
YVrTious ko emopéva slvar ypotuo vor Sobue Ty epaproyY| TV Slagogtiiv
teheoTwy Tdve toug. T ) cuvdptnon F = r naipvoupe:

V-r=3
Vxr=0

@ V= (1.59)
Vir =0

Av 1 ouvdptnon eduptdton Luovo and v andotaon T = |r| = /z? + y? + 22,
THTE:
rd

plr) f E(r): V=_— (1.60)

Av 1 ouvdpTnon eCaptdron and 1o Patuntd yvéuevo A -t 6mou A elvon éva

otadepd Sidvuoua, tote:

oA T)RAF(A - 1r): V= Aﬁ (1.61)

Av 1o dploua Tng ouvdetnong elvar to R = r — r’, 6nou 1o 1’ Jempeiton
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/nx Vgoda:jlg wdl (1.2.1)
s c

/Vgodfu = j{ enda (1.2.2)
v s

/Vdev:fanda, (1.2.3)
v S

/(V'G+G-V)de=?§F(G-n) do (1.2.4)
% S

[ivacog 1.2: Bewpripata diarvouatikig oAOKANPwWoNS

7 ’
otadepd, TOTE:

V=V
) ;. o (1.62)
Va=igx Tgy TRz

éomouv R = Xi+Yj+ Zk. Av 1o r, avti tou r', Jewpnlel otadepd, toTe:

V=-V (1.63)
OTOV:
;.0 G, B,
vV =ig gy TXay

Trdpyouv ddpopes SUVATOTNTES EMEXTAOTS TOU VEWPHUATOC TNG AMOXAT-
one xot tou Yewpfiuatog tou Stokes. H mo onuovtud elvan 1o dedpnua tou
Green, to omolo SatumveTon W eEAC:

/ (69 — V) du = f(ww V) nda  (L64)
Vv S

To Yedpnua autd elvon andppota Tng epopuUoyhc Tou FewpALaTog TG AmodXAL-

o oo Stavuouotid medlo:

F =19Vp—pVy

Egopudloviag to Jedpnuo e andxhong oto Stavucuatixd nedio F, maip-

VOULE:
[ v wve-evia=§ wVo-pve) nda  (185)
v S

Xpnotuoroldvrae Ty Ldtotnte tou Hivone 1.1 yio tnv andxAlor] TOU YIVOUEYOL

evée Boduwtod enl éva dtavuouotind nedlo, Talpvoupe:

V- (hVe) = V- (V) = V7 — oV (1.66)
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Buvdudloviag téhpa g EZ.(1.65) xau (1.66) xatahfiyouue oto dedpnua tou
Green. Ytov Iivaxo 1.2 napouotdlovion pepd cxbue Dewmphuata ohoxhf-
pwaong Sonvuopatindy Tedlwv.

E8w ohoxhnpdvetan 1 unpr) avapopd: uag ot Swavuouatind, avéhucr. Me
oxom6 ) cuvioula, Tolég anodeilel npotdoenmy agrivoviat 6¢ TpoBAfuTA.
Aev xoeAidnxe mpoonddewa avotnehic mepiypaphc. H mpocéyyion cinpl-
XTE xupleg oTn xenouuothtor avantiydnxe 6,1 Sa yperootel xon mopohel-
@Onxoy Ohal Tol UROAOLTLL.

1.9 YXYNOTYH

Hopovowdotnxay Tpewc StaxpopeTinol THnoL JVUoUATIXAC THPAYWYLONG UE TN
xpnousonolnon tou Savuopatinod Stupopixod TehecTh avddelta, V,
Onhadr) 1 Paduida, 1 amdxhion xou o otpofiiiouds:

Dy Do Op
S Dk AP Dk AT Pt i
vy 1533 +J8y - dz
_or, 0OF,  OF,
VoE= ox + dy + 0z
i j k
g d 0
F, F, F,

O teheothc avddehta etvon ypoquunds. Ihdtrtes and my enavoknmine epop-
HOYT TOU 1 TNV £QAPUOYY TOU OE YIVOUEVO CUVIPTAOEWY AmOdElXviovTaL GT0
cuoTnua oploy®OVIRY SuVTETUYUEVLDY ohld Loylouy Béfaua o omoodfnote
&hho obotnue. Ou WBtétnteg autée amouvrovedovion edxohat e 0 Bordela
TwY Xovovey e Stavuouatxhc dhvefpag xon tng ouviltouc TapayGYLoTC.
Efvou yefiowmo vo dupuduacte v napaydyion oplouévey etdixdy ouvapthce-
wy. Ta omovdadrepa ohoxAnpwTind Vewphuata, ota onola sugaviovio

Tepdywyot, slvon:

b
[ Vo=
a(C)

/ V xF-nda= j{ F.dl Benpnua Stokes
s c

/ V- -Fdv= j{ F-nda Ockpnuo ATOXACNC
v s

Ot mapondve oxéoelg anotehody Yevixeloels Tov Jepehowdoy Sewnpnudtoy
™ wadnuoaTtixfc avaivong.



